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Ahstruct ··-Cracks in a t>rillie adhcsivc laycr joining two sut>strates havc hcen ot>servcd 1<' pri.pagatc
in a vancty ,.1' ways, induding straight "1' wavy paths within thc adhcsive layer, paths al'll1g ,'ne of
thc interf,"es, and paths alt,'rnating fwm intcrface to inkrface thn.ugh the layer. The etTcctivc
toughncss of the joint 'kpends 'III the naturc of the path. An asympt<.tic elasticity prohlcm is
analYlcd in this papcr which allows "ne to predict whether a straight crack path can occur within
a hrillic adhesive layer. In the asymptotic prohlcm, an a"hcsive layer hctween two semi-inlinite
t>lo<:ks contains a semi-infinite straight <:ra"k. The joint is I<.adcd rel110tdy t>y thc lirst thrcc terms
of thc stress liel" c,pansion for a <:r,,,ked honHlgcneous solid, paraml'tcriled hy strcss intensity
f,lctors A:,' and /1:,'" and thc non·singular stress acting paralld II.> Ihc crack. T' . Tlu:se ,Ire Ihe
apparent, "r appli,',!. hlad faclors determined from the analysis of an actual specimen hy neglecting
the presence of the layer. Also present is a residual stress in the adhesive layer. We calculate the
10<:'11 stress intcnsity f,l<:tors, /1:, amI /1:". and tlie non-singular stress, T, associated with the lidd at
the til' of the <:ra"k in the layer in terms of the corresponding applied quantities and the residual
stress. A nec,'ssary condition for tlie e,istenee of a straighl path wilhin Ihe layer is the location or
a path with /1:" n, Sudl a path will only he slahle (i.e. grow in a slraight. non-wavy manner) if
T < n. (Jur analysis prnvides the I,>calion or the crack in terms of the comt>ination of applil'd
intensity factors and the mismatch in dastic moduli hctween the layer and the adjoining material.
Stahility depends on the residual stress and T' ,as well as on the moduli mismatch, 1-'01' a compliant
adhesivc wilh predominant applied mode [ loading, the crack will tend to run stahly within the
layer unless r' '1I1d Ihe residu,l1 stress arc positive and relatively large.

INTRODUCTION

The suhje~t of the present paper is to study cra~king confined to hrittle adhesive byers, In
the present context. an adhesive layer is said to be hrittle if the size of the plastic zone
around a ~rack tip, rp • is small compared with the layer thickness. H. namely.

(I)

where 1\" is the fracture toughness and (J)' the yield stress of the bulk adhesive. respe\:tively,
Examples of adhesives that have been used to join \:cramics arc given in T;lhle I. The layer
thi\:kness. If. is typically of the order of 100 tLm. Thus. judged from elln (I). epoxy and
glass are hrittle adhesives. while aluminum is ductile.

Wang and Suo (1')')0) h<lve mC;lsured the fr<lcture energy of an epoxy layer joining
two aluminum alloy half-disks using sandwiched Brazil nut specimens. When the base
specimen is subjected to predominantly mode I load. thcy observed that the crack often
runs 1I';rhill the epoxy layer rather than ;t1ong the epoxy-aluminum interf;lce. although
the fracture energy for epoxy is two or more times higher than that for the particular
epoxy/aluminulll interface. Such a peculiar phenomenon has also been observed by other
authors [c.g. Cao and Evans (1989) and Cao (1989)]. As a consequence. the measured
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effective fracture energy of the joint G,. versus the combination of remote loads has the
discontinuous characteristics of Fig. I. For predominantly mode I loading with only a small
component of mode II. the fracture occurs within the epoxy layer. and the measured G, is
the fnlcture energy of the bulk epoxy. G!<. When the mode II component is sufficiently
large. typically tan -I (Kii /Kj') ~ 15'. the crack runs along the epoxy/aluminum interface
and the measured G, is the mode-dependent intert~tcial fracture energy.

The issues of crack path selection and stability can be addressed in terms of the
asymptocic stress field around the crack tip. Let (r.O) be polar coordinates centered at the
tip of a traction-free crack in a homogeneous isotropic solid. The Williams asymptotic
expansion of stresses is

[
an

(1 n'

a.~l(lJ)J
a:.,(O)

K
[

a" (0)II n"

1- JC:=== ~"(O)2nr (j 'y
OJ r-o 1- O(y' r) (2)

where K, and K" arc stress intensity factors of opening and shearing modes. respectively.
and the constant term T is a stress acting parallel to the crack plane, The nondirnensional
O-dependent functions are normalized so th'lt the stresses ahead of the crack tip (0 = 0) are
given by

(1l1"J K, [I OJ Kit [0 IJ [T(1... = )2;; ° 1 1- ji~~ 1 0 1- 0 OJ /o 1-()(v r). (2a)

It is an experimentally established fact that a crack advancing continuously in an
isotropic homogeneous brittle solid selects a trajectory where K" = O. Symmetry dictates
that a crack along the centerline ofa layer joining identical materials and subject to remote
pure mode 1 loading will be 1II1JL'" rure mode I locally. When the base specimen carries
some mode II in addition to mode I. the crack may find a pure mode I path (1.Tthe centerline.

InlQ:rfacQ:
traclurQ:

O'
! I

30· 60·
tan"(K;'/Ki)

90'

Fig. I. Schematic of observed toughness of an epo~y layer between aluminum substrates. from tests
of Wang and Suo (1989).
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According to Cotterell and Rice (1980). a straight crack advancing with KI( = 0 is
directionally stable if T < 0 and unstable if T > O. This assertion may be interpreted in the
following way. [f the straight path of a mode [ crack is perturbed as the crack tip advances
due to some micro-heterogeneity. a positive T-value will cause the crack to veer away from
the straight trajectory while a negative T-value will pull the path back in line. [n other
words. a straight path within the adhesive layer can only ex.ist if a pure mode I crack path
ex.ists and if its tip has T < O. The present analysis permits this assessment to be made. In
addition. we discuss the behavior of a straight crack positioned away from the pure mode
I trajectory to evaluate whether it kinks toward the pure mode I trajectory or towards the
interface.

AN ELASTICITY PROBLEM AND ITS SOLUTION

An elasticity problem that addresses the above issues is introduced in Fig. 2. An
adhesive layer of thickness H is sandwiched between blocks of an identical solid. Each solid
is taken to be isotropic. homogeneous and elastic. with shear modulus and Poisson's ralio
UI". I'.,) for the adhesive. and (11,. I',) for the substrates. The plane strain problem is considered
since the out-of-plane dimension of the joint is assumed to be much larger than the layer
thickness. A crack lies parallel to the interfaces and is located within the byer at a distance
c above the lower interface. We consider the asymptotic problem wherein the crack is semi
intinite and the blocks are semi-infinite as well. This is appropriate when the adhesive is
very thin compared to other in-plane lengths in a given specimen or geometry.

The non-dimensional parameters that characterize this bimaterial structure arc the
relative crack depth. c/ H. and the Dundurs (1969) elastic mismatch parameters

( I - I'" )i11., - ( I - I'J / II,
1=

(I - \',.)"1., + (I - I'J/II, .
11 = I (1-21'")/11,, -(1-2\,,)/11,.

2 (I - I·J/II., + (I - \'J/II,
(3)

Two olha wmoinations appear frequently and a~e related to Dundurs' parameters by:

f" I -::c
E, - I+::c'

I I -If
I: =., In I"

_1r 1+,
(3a)

Here l? = 2/1/( I - \.) is the plane strain tensile modulus. and e is the oscillatory index
n:sponsible for various pathological bchaviors in linear elasticity solutions for bimaterial
interl;lce cracks. Observe that If = ::c/4 when v, = I'" = 1/3. and that values of 1 and If for
many bimaterials an: c1ush:red near the line If = 1/4 on the (::c. If) plane (Suga ('( al.. IlJSS).
for this reason. solutions in this paper arc sometimes plotted using only one elastic
mismatch constant ::c. with the understanding that If = ::c/4.

There arc four independent load-like ljuantities in the problem. A residual stress. a".
exists in the adhesive due to thermal mismatch or other sources. Let 1\( . I\I~ and T' denote

4 loads Ki'". Kii, TOO, 0°

Fig, 2, The elasticity problem.
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the crack-tip quantities evaluated for the actual specimen or geometry neglecting the
presence of the layer. We refer to these as the applied loads determined from the homo
geneous base specimen. They are related to the applied loads and geometries as can be
found in Tada t't ul. (1985) for K values and Larsson and Carlsson (1973) for T values.
The remote field in the asymptotic problem in Fig. 2 is specified by K(. A(I. T' and (}o.

The solution of the elasticity problem provides the local A,. All and Tat the crack tip within
the layer in terms of the remote load-like quantities. Note that the local quantities are
different from the remote ones because of elastic dissimilarity and the residual stress. A
general integral equation formulation for cracks in layered composites has been presented
by Erdogan and Gupta (1971). The solution procedure we adopt follows directly from Suo
and Hutchinson (1989). and is described in detail in Appendices A and B.

The local T-stress depends linearly on all four loading parameters. Dimensional and
compatibility arguments lead to

(4)

where the coefficient of T' is readily evaluated and (}o denotes the (}" component of
residual stress pre-existing in the layer. The two non-dimensional funl.:tions. c.lc! II. .~. {i) and
('II (Ci Ii. rx. fl). were computed as detailed in Appendil.:es A and R and arc tabulated in
Appendix C.

Consider the local stress intensity factors next. It is seen that !loth (10 and T' do Iwt
indul.:e a stress intensity at the I.:ral.:k tip by the following argument: when no I.:rack is present
in the layer. (10 and T' cluse no tral.:tion on any plane parallel to the layer. One I.:ondudes
that the 10l.:al (A·I • A'Il ) depend only on the remote loads Ki . A'I'I . The two sets arc I.:onnel.:ted
hy thl.: energy release rate due tOl.:onservation of the i-integral. namdy

(5)

Algehrail.:ally. eqn (5) is equivalent to

(6a)

or

(6b)

where (p can be interpreted as ,I phase angle shirt between the remote and the local stress
intensities. (p = tan I (AliiKd - tan I (K1i /At ). Dimensional wnsiderations and linearity
dil.:tate that (p is only a function of structure. i.e. (/J = ¢kl Ii. ~. fl). This functional depen
denl.:e has also been computed and is given below.

Two solutions exist in the literature which enable us to obtain IP when <'/ /I is sutliciently
small or sulTIciently close to unity. A sub-interface crack very close to the interral.:e has been
analyzed by Hutchinson e/ al. (1987). The local K. and All can be expressed in terms of the
complex stress-intensity factor K for the corresponding problem where the crack lies on the
interface. The connection between the two sets of intensity factors when the crack lies just
below the interface is
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(7)

where the function cP,,(a.!J) is given in Hutchinson et al. (1987). The complex stress intensity
factor K when the crack lies in the upper interface of the sandwich structure is solved in
Suo and Hutchinson (1989) and is given by

(I-a)' ~K = -- (K < + iK')H -,[. e""I •. /I)
I-If I II

(8)

when: the function w(x./J) is tabulated in Suo and Hutchinson (1989). Eliminating K from
the above two formulae. one obtains the connection between the local and remote stress
intensity factors which is valid when (H - c) His sutficiently small :

(I-X)I ~ (H -c)"K +iK =- (K' +iK') -- - - ell'P", ..,'
I II I+x 1 II H .

The corresponding formula for cd! near lew is

(9a)

(9b)

The quantity (~ deli ned in (6) is antisymmetric ahout the I.:enter of the layer. i.e. (~ is .\11 odd
funl.:tion of ci1/- 1/2. The following approximation to (~ has the desired antisymmetry and
has the eorrel.:t .tsymptotie hehaviors. (9.t) and (9h).

( 10)

By wmparing ( (0) with the I.:omputed values of r/I we have found that this approximation
is highly .lI.:curate. A comparison between the approximation (10) and computed values is
shown in Fig. 3. where (~ is plotted as a function of ell/for several values of C( (with
1/ = x/4). The combination r/I,,+W is tabulated in Appendix C.

apprOXimate
formula
numerical
solution

Fig. 3. Phase angle t/J == tan - I (""I "d -Ian I ("'; i ",' ) for several I values. The full numerical
solution is compared with the asymptotic formula. eqn (10). Allention is restricted to II = 1/4.
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In summary. the solution to the elasticity problem in Fig. 2 is given by (-l) and (6) with
('I and ('II tabulated in Appendix C and ¢ gin:n with high accuracy by (10). This solution
is now applied to several practical issues in adhesive joint fracture testing.

ELASTIC STRESS SHIELDI'G FOR A CO~IPLlA;-";T ADHESIVE

In practice. the fracture energy G, for adhesive joints is calculated from the measured
critical loads by neglecting the presence of the adhesive layer. Provided the layer thickness
is small and the crack is long and parallel to the layer. conservation of the i-integral implies
that this measure of G. equals the actual energy released at the crack tip regardless of the
crack location (within the adhesive or along the interface). The value of the fracture energy
G, is GI• for the adhesive if a straight mode I path actually occurs within the adhesive. or
is the adhesive substrate interface fracture energy at the relevant mode of loading if the
crack propagates along the interface.

Under remote modc (loading. a crack along the centerline in the layer is locally mode
I. If this is a stahle crack path and if there is no microstructural change due to the bonding
process. the adhesive fractures when the lllcal 1\1 attains the toughness of the bulk adhesive
1\1,' Specialized from (5) hy setting A'" = 1\1; = O. the (/l'l'ar('/If adh(,.I'il"(, fougl/l/('.I'.I' is

( 1I)

An analogous formula was ohtained hy Wang ('f al. (197X) for the douhle-cantilever
specimen.

In prat:tit:e. adhesives ,Ire usually less rigid than suhstrates. so that the apparent fracture
toughness. measured hy the applied stress intensity fat:tor. A'I: • is higher than the toughness
of the hulk adhesive. A'I.. SUt:h an elkt:t is due entirdy to the elastit: mismatt:h of the two
solids and Illay he referred to as an elastit: stress shielding ellixl. As an example. t:onsider
the glass/alumina system. Taking ex = 0.7. elln (II) predit:ts a ratio K.: /A'I. of 2.4. This is
in good agreelllent with the Illeasured fracture toughness values of Zdaniewski ('f al. (llJX7).

STAllll.lTY Of: CRACK T1L\JI'CTORY UNDER APPLIED MODE I I.OADING (1\,; ~ 0)

To focus the discussion. assume that the hase specimen is subject to a pure mode I
loading (K,'I = Il) so thatth.: c.:nterlin.: Llf the adhesive layer is a crack trajedory satisfying
K" = O. A necessary condition for such centerline trajectories to he ohserved is that l' < O.
as already remarked. The behavior of a straight crack displaced away from the c.:nt.:rline
sugg.:sts another param.:ler which al1"ects the nature of the crack trajectory. Consider a pre
.:xisting straight crack som.:what 011" the cent.:rlin.: in the adhesive layer. As illustrat.:d in
Fig. -l. if th.: crack lies ahme the centerlin.:. it will kink down towards the cent.:rline if
1\11 > Il. A formal stal':l1l.:nl for a crack slightly 011" a path with K" == 0 to kink towards that
path is {~KII"{\' > O. In other words. a pre-existing crack which is slightly displaced or
misaligned will only head towards the centerline (i.e. the path with A'/I = 0) if (~K" it\- > O.

d substrate

J;.~~_.
t i

substrate

Fig. 4. For 1\,; = O. a crack 'lbove the centerline kinks towards the centerline when K" > O. In
general for slightly displaced cracks. the kink will be towards the centerline if i:K,,:cc > O.
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Fig, 5, Conjectured trajectories of crack adv'ance when K,i = 0 for a crack displaced slightly otT the
centerline. depending on the signs of T and tKil ,'c.

These considerations suggest that there are four ditTerent patterns of fracture behaviors
depending on the signs of Tand (~Klli(\·. as illustrated in Fig. 5. We discuss them in turn.

Crack '1m.\' srahly along rfte c('nrerlille (pattern A)
This is expected when t'KII!c'c > 0 and T < O. A pre-crack slightly above the centerline

will kink towards thc centcrline bccausc of thc positivc KII • ami the compressivc T-strcss
stabili/es thc ccnterlinc path.

Crack rra;ccrory i.\' "'(II'.I' ahlll/r rfte celllerlillc (pattern R)
This is expectcd when i"KII !t\, > 0 and T> O. Again a pre-I.:ral.:k slightly ahove the

centerline is driven towards the centerlinc bccause of the positivc K". but the tensile T
stress destahili/es a crack along the centerline. As a consequence of the two I.:ompcting
etl'cds. the eraek trajel.:tory will cit her be wavy if the positive T is not too large and the
positive t'KIlIc\·l.:an drive the nal.:k lXlI.:k to the I.:etllerline. or the crack will diverge towards
and join the interface if thc positive Tis sulliciently large. Quantitative determination of
this wavy trajectory has not been performed in this work. To do so would require one to
track the wavy path by enforcing the local 1\11 = O. An analysis of this type has been
performed by Fleck (Il,lXl,l). where curved trajectories with KII = 0 for an array of micro
cracks were determined.

Cruck approaches lfte inlerface grCltlllally (pattern C)
The negative Klldrives a crack away from the centerline. while the compressive T-stress

ensures the cnlck approaches the interface at a small angle. Under remote mode ( load. for
some material combinations. we find an additional straight path satisfying KII = 0 vj! the
centerline ncar one of the interfaces (see Fig. 9).

Crack (/pprllaches r!le illlajiKe at a largl! allgle (pattern D)
Figure 5 includes the situation where ('KII ,'(\' < 0 and T> O. The crack kinks in an

unstable fashion towards the interface.
The sign of tKII/('c ut the centerline can be determined from (6a). It depends only on

clastic mismatch constants x and /J. Plotted in Fig. 6 is the contour of ('1\11 (('C =0 on the
(:t. ff) plane. For material combinations with a compliant adhcsive layer (:t > O./J ~ x/4).
('I\II /t\- is positivc.

The T-stress is calculated from eqn (4). which when speci.l1izcd by t'lking KI~ = 0 and
using (II). givcs

(1241)

( 11b)
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The contour for T = 0 must be shilkd if u" and,or T' are significant.
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hg. 7. l'ocllicicnt govcl'lling contribution 10 r from A,' in cljn (12). c/I/ = 0.5./1 ~ 2(4.

Figun: 7 pn:sl:nts {'t(~.:t. f/l as a fUIKtion of:x (sr.:lling 1/ = :t/4), indicating that a negative
contribution to the local 7'-strr.:ss is madr.: from thr.: last tr.:rm in (12) whr.:n the layer is
compliant. Thr.: contour cd~.:t,m= 0 is also plolled on Fig. 6. If the contributions of /1"

and T I. in (12) <Irr.: negligible, the two contours shown in Fig. 6 divide the (:t. mplane into
four rr.:gions. labeled as A. B. C. D. corrr.:sponding to the four fracture patterns discussed
abovl:. The contour for T = 0 in Fig. 0 shifts with tinitr.: contributions from /1" and T'.

CRACK ()EI'T11 SELECflON WII EN /I.·,i '" 0

If the rr.:motr.: loading is somr.:what pr.:rturbr.:J from mode I, one anticipates that thr.:
crack will finJ a path olf the cr.:ntr.:r1ine to rr.:store KII = 0 loc<tlly. This can be addrr.:sseJ
rigorously by selling KlI = 0 and K, = K" in r.:qn (6), giving

(I J)

where (/J(c/ H. x. II) must satisfy

( 14)

The location of the crack. c, is obtained from (14) using (10) ; note that c/H must be such
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Fig. ll. Crack path sek':ICd when h,i is finite. The crack linds a path otT the centerline to restore
h ll = 0 locally. For:t < \l Ihe crack palhs aTe unslabh: in Ihe sense Chll''''' > \l OIl a lhed h,' . h'l

16'11

that cP is of equal magnitude and opposite sign to the phase angle of the remote loading.
The location of the crack as a function of /\.i /1\," is shown in Fig. 8 for several ~-values

(setting If = 2/4). For example. if the remote loading is such that /\Ii/ /\( = 0.1 and :x = 0.8
(/f = n.:!). the crack with 1\" = n is located ;1 dist;\llce c = n.()l) II above the lower interface.
The existence or a mode I crack in the layer when I\,i #- 0 can only occur if there is a
moduli mismatch.

The location or the crack c/ /I for which 1\11 = 0 is given as a function of 1\,; /1\,' in
Fig. 9a. ror 2 = n.9 and various If values. A new type of behavior is evident: ror If small
and Pllsitive. such as II = n.l. then: may exist three Im;;ttiol1s satisfying 1\11 = n. Consider
remote mode I loading. with :x = 0.9. /f = n.l. The centerline of the layer satisfies /\11 = n
but is an unstahlc path in the sense ('I\,,/h < O. Two other locations exist where 1\11 = 0;
these arc dose to each intaface and arc stahle in the sense (1/\lI/h > n. Cracks paralleling
dose to an interface have heen alldressed previously by Hutchinson £'1 al. (19~7).

The two regimes or (:x. If) spat:e for whidl three t:!"at:k locations satisfy 1\11 = 0 arc given
in Fig. 9h. The n:gimc in whit:h :x < 0 and the regime in which :x > 0 show qu;t1italively

(a)

(3=0,2 -'

(a. =0·9)

(b)

a.

Fig. 9. (a) LI'cation of crack satisfying hll = 0 ;IS a fun.:tion of h,',,' h,' for a compliant layer
(, = 0.9). for v;lrillus values of {I. For {I small and positive there ean he thr~'C locations satisfying
1\11 = 0; two Ill' these h'eations are ncar the interface and arc slahle in Ihe sense i',,"/,\, > 0 ;1\ a
thed h,' . h,i . (hI The cross hatched region shows the regime of (:.I. {II for which thr~'C crack locations

satisfy 1\11 = o.
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Fig. 10. Coeftkient in eqn ( ISa) for T. for a crack located in the layer with K" == O. {I == x ~.

similar c/H versus A,~ /A,Y behaviors. Few practical material combinations lie in either
regime.

Next. we examine the T-stress local to the crack tip. for a crack on a straight path with
KII = 0 and A, = A,,, The position of the crack path is fixed by the ratio At, /At. Combining
(4). (13) and (14). we get

T=

T=

(15a)

(15b)

The last contribution ill (15a) is plottcd in Fig. 10 as a function of Ali /1\,' for various
values of the clastic mismatch :x. As in the case when A.·li = O. a straight crack with 1\11 = 0
in a compliant layer will have T < 0 unlcss T' and/or /T" arc positivc and sullicicntly large.

CASE STUDIES

Two technically important adhesive systems. epoxy joining metals or ceramics and
glass joining ceramics. will be examined in this section using the concepts and numerical
results devdoped above. The relevant mechanical properties used in our discussion arc
given in Tables I and 2. For simplicity. we only consider the situation where the base
specimen is under remote mode r loading so that the centerline in the adhesive layer is a
pure mode I path (KII = 0).

The c;l1culated clastic mismatch constant :x is 0.9 for aluminum/epoxy. and 0.7 for
alumina glass. with II ~ :x(4 in e;lch case. Observe that for both cases DAlI!t\' > 0 (Fig. 6).
indicating that a straight crack olT the centerline kinks towards the centerline. Whether the
crack is stable depends on the sign of the local T-stress.

Focus on thc first tcrm in eqn (12). For common base specimens. there is only one

Table 2. I\h:chanical properties

Material

epo.xy
aluminum
glass-7059
glass-7570
alumina

Thermal e.xp;ll1sion Young's modulus Poisson's
eoctlkient (MK) I (GPa) ratio

m ~ ~~

24 71 0.J5
5 6X 0.24
9 55 0.2~

7 .150 0.25
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independent applied external load acting on the specimen. implying that T~ is linearly
connected to K,~, namely

( 16)

where 9 is a dimensionless function of the geometry of the homogeneous base specimen.
and a is the crack size. Finite element calculations by Larsson and Carlsson (1973) show
thatg is somewhere between -0.6 and +0.2 for several commonly used homogeneous base
specimens. For a typical adhesive joint fracture specimen. the crack size is larger than the
adhesive thickness by several orders of magnitude. i.e. a H» I. If the adhesive is more
compliant than the substrates. say :x > 0.3. the first term in (l2a) is negligible compared
with the third. Hence for systems with compliant adhesives. such as aluminum epoxy and
alumina 'glass. it is adequate to consider the competition of the last two terms in (12) only.
Note that both are independent of the base specimen geometry. so the conclusions we draw
below are independent of specimen type.

The last term in (12) is always negative for compliant adhesive layers; thus the total
T-stress is necessarily negative if the residual stress is negative. For alumina/glass-7059. the
thermally-induced residual stress in the glass layer is negative; see Zdaniewski cI al. (1987).
Our theory therefore predicts that the crack will run stably within the glass layer under
remote nlllde I loading (pattern A in Fig. 5). This is observed experimentally by Zdaniewski
('( (//. (19l\7).

When the residual stress is positive. a numerical estimate is needed to identify which
term in (12) is dominant. For the alumina/glass-7570 system. the ditference between room
temperature and the softening temperature of the glass is .143 K and the residual stress is
estimated to be 50 MPa, while the third term in (12) is approximatdy -37 MPa (II = 50
11m is taken). The total T-stress is thus positive. A wavy fracture trajectory (pattern Bin
Fig. 5b) is therefore expected and was observed in experiments hy Zdaniewski elal. (1987).

The residual stress in an epoxy layer joining two ceramics or metals is usually positive
due to thermal and or cure shrinkage. Ilowever, our estimates indicate that the magnitude
of the residualtensilc stress is often less than the third term in (12). resulting in a neg'ltive
T-stress. This is due to the low Young's modulus of epoxy compared to the substrate
materials. For example, if two aluminum suhstrates an: glued together by an epoxy layer
of thickness 1/ = 0.1 mm at 350 K. the thermal tensile stress is about 15 MPa, hut the third
term in (12) is - 40 MPa. Pattern A in Fig. 5a is anticip'lted: the crack runs stably within
the epoxy layer instead of along the interf'lces under predominantly remote mode I loading,
as confirmed experimentally by Wang and Suo (1990) and Cao and Evans (1989).

Chai (1987) has observed a wavy crack path in an epoxy layer between aluminum
substrates. The crack jumps periodically from one interface to the other across the epoxy
layer. The difference in response between the tests performed by Chai and the tests of Wang
and Suo ( 1\)90) and of Cao and Evans (1989) may be explained in terms of a diflerent sign
of the 10c'll T-stress. Ch.li used a heat-setting epoxy of thickness 1/ = 0.25 mm ; the estimated
thermal stn:ss is a" = 60 MPa while the component of T-strcss from the remote loading
[the third term in eljn (1241)] is - 25 M P.l. Hence the total local T-stress is positive in Chai's
experiments and the crack is unable to run stably within the epoxy layer. In the work of
Wang .lOd Suo and of Cao .Ind Evans the local T-stress is negative and the crack runs
stahly within the epoxy layer.

Next. we mention some recent fracture tests hy Thouless (1990) using double cantilever
beam specimens with a model interface consisting of wax/soda lime glass. Thouless observed
the cmck to run stably along the centerline of the wax layer. in a double cantilever beam
sandwich specimen under remote I Imlding. We expect that the crack will adopt this path,
based on the following evalu'ltion of the local T-stress. From values provided by Thouless
(1990) and hy a private communication. the first term in eqn (1241) is negligible comp4lred
to the other two terms, the second term (residual thermal stress) equals 3 MPa and the
third term elju4lls -6 MPa. Thus the net T-stress is negative and we predict a stable crack
path 4Ilong the centerline of the wax layer. This result can be contrasted with the double
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cantikver specimen ofa homogeneous material for which unly the tirst term in (l.~a) is non
zero and positive. leading to the well-known unstable cracking behavior of this specimen.

SFl.l\IARY OF RESClTS

Consider the typical combination of an adhesive layer which is more compliant than
the substrates. with 7. > O. fJ ::: ::('4. Analysis shows that. provided the residual stress in
layer a" is not large and positive. a pre-existing crack in the layer remains trapped in the
layer for substantial deviations from pure remote mode I loading. The location of the crack
in the layer depends upon the ratio KI~ / K( for any given 7. and Ii. If aU is large and tensile.
the crack may escape from the layer or may grow along an oscillatory path within the layer.

:--':ow consider a crack in a I:.lyer which is stitler than the substrate. with 7. < O. IJ ::: 7. 4.
A K" == 0 path can be found in the layer under remote mixed mode loading. Howewr. the
crack will propagate into the interface as I~K/I/I\' < O. regardless of the sign of T, Unless aU
b large and negative. T is positive and the crack is destabilized further.
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AI'I'E:"DI:\: A: I:-ITr,URAl. EQUATION FORMULATIO:-': AND SOLUTION

In thiS Appl.'ndl.\. we wt up and solve the integral e'luati'lll for the plane c1'lsti,ity prohlem spe,ilicd in
I\~, "'

A.I. Forlllul"ti,m or illll·.C/r,tf <,'!(({{liOIl
:\ lay.:r of malerial Zis sandwiched in .In infinite medium of malerial I. Each material is taken to he isolropi.:

and linear c1asti.:. :\ Sl.'mi·infinile ,r;l.:k lies a distance e above thl.' IOWl.'f interfa,e, in the adhesive layer. The
thidnl"s If of Ihe l'lyer is laken to he unity since the II dependence of the Siliution is known. A Cartesi;m
,"ordinate syslem is centcrl.'d on the era.:k lip, with the '~l :ui.s .:oincident with the er;r,k.

We pres<:rihe I"ading in the rar field as the standard erack tip lield of a erack in a homogene()us hody.
,h;lra,tcriz.:d hy the rt:mote stress intensity lil.:tors I\r' ilnd /I.',;. [The nexl higher order term T' is cxpli.:itly
in,orpllrilted in the solution I I~h) ;&Iready.J The asymptotic prohlcm of the ,raded adhesivc layer is s()lved in
terms of /I.',' and /I.',; hy the 1Ill.'tlwd or dislrihuted dislocations. The era.:k is modeled hy a distrihulinn of
disll>.:ations such Ihal the Ira,lions on the era,k line vanish Plant: strain deformations arc assumed; for plane
slr.:ss. rt:pla,e l' hy l' t 1+ "j.
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Let b,(~) be the x, component of an edge dislocation iocaled on the crack line at x, = ~. x: = O. The stresses
at point x, = x. x: = 0 on the crack line induced by the dislocation are given by

(AI)

where the repeated suffix j. here and c:lsewhe:re. refers to a sum over j = I.::!. The keme:ls I, (x -~) are constructed
in Appendill B. They are well behav'e:d in the whole: range: - x < ~ < x. with asymptote:s

f,,(~) = 00) as I~I- x. (A::!)

A semi·infinite crack is represe:nted by a distribution of dislocations lying along the negative x, axis. such
that the tractions vanish for x, < O. Thus. the distribution h,(~) for ~ < 0 is governed by

f"2h,(~). • - -
--: +f,,(x-~)h,(~)d~= O. x < O. i = 1.2

-"I: .t-""

where the: first integral is the Cauchy Principal Value integral.
The crack face displacements <5, are related to the dislllC.llion distribution by

(A3)

J
""

,l,(x) = • h,(~)d~. x < O. i = 1.2. (A-l)

The form of h,(~) must he such that the crack displacements appwach the remote field specified by 1\' as ~ - 'x..
and must he consistent with the near-tip field with unknown intensity 1\ as ~ - O. Thus.

and

h,(~) - (AS)

.../ -. 2n~
as ~ - 0 (A6)

where K, lJenotes the llIode II stress intensity ra.:lor KII • and K: denoles the mode 1 stress intensity factor K,.
In order to redul:e the range or the integral elluatilln 10 a linite inlerval. we make the changes or variables

-1<1<1

which gives

u-I
\'= -I <1/< I, 1/+ I'

. I-I
~ = t-ti'

::!(I/-I), = r-: = ~-- ---,--
, .. (1/+ 1)(1+ I)'

(A7)

(All)

Then. with C,(I) == h,(~). the linear syste:m of two integral el\uations hecomes

f' (11+ I) f' .. dl
I

c,(t)dl+ l,,(,le,(1) I --'; = O.
,,(1/-1)(1+ ) I ( +1)- II/I < I (A9)

where f denotes the Cauehy Principal Value integral.
Rased on the asymptotic hehavior or h,(~) as ~ - 0 and ~ - - "j•• a complete represcnt,ttion lilr c,ll) is

(
I +1)': ,

c,(I) = 1_ I 11,,"',(1).
I .. _ n

i = I. 2 (AIO)

where T,(I) is the Chebyshev polynomial of the first kind of degree k and a" are a doubly inlinite set of real
eocnkients which must be determinL-d by the solution process.

From the ;\symptotic behavior of h,(~). eqns (AS) and lA6). the remote stress intensity factors K," ;ll1d the
crack tip stress intensity factors K, may be expressed in terms of a".

and

(n)': /1. (I +:1) .K: = - --'- -- L (- I)' tl"
2 (1-,':) I-:x '.0

(All)
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(
It)'! J.I.: "

K, = 'I -(1--) La...
... -v.: k. 0

(AI2)

where % is defined in eqn (3).
Equation (A 11) represents two equations for the us in terms of the specified Kr s. and (AI2) are the two

equations for evaluating the Ks.

A.2. Solurion o/ineegral equaeion
When the representation for c,(e) = b,(~). eqn (A 10) is substituted into the integral eqn (A9). the first term

of (A9) maybe integrated c)(actly to give

J
' (u+ I) ,

( _)( !)c,(t)dl= -It(I+u) L a"U._,(u)
_I u I e+ '_1

(AI.')

where U.(u) is the Chebyshev polynomial of the second kind of degree k.
The factor of (I + t)! in the second term of eqn (A9) presents a problem in evaluation of the integral near

e= -I. Recalling the asymptotic behavior for J.,(~). eqn (A2). we proceed by introducing a function F.(~) in
order to e)(tract a t~lctor of (t + I) fromj;,(~):

F (0) J. ('"' r-T:"4f.,(C) I
"I, = 'i "V' + .. = (t+I) p(t.u)

where

u+l , • " I!
p(t,u) =2-[(u+ 1)'(1+ I)'+(II-t)'

The function p(t,u) is well behaved for lei ~ I. 1/11 ~ I.
Suhstitution of(/\14) and (/\10) into the second term 01'(/\9) then gives

(/\ 14)

where

I' dl'
t:,<~)c,(t)(1 )! L I".lu)a",

·1 +1 Ie_II
lui < I (/\ 15)

1 () II I'(t. II) f' 0) l' d." u =. .. ,,(I, ,(t) I.
"JI-I!

(/\ 16)

Equation (A 16) can he integrated numericillly without further prohlems. However. to reduce computer time we
e.\press the functions F,,(n by a Chebyshev series appw)(imatiun. Nuting thatf.,(C) and f~,(;) are either oud or
even in (. we write

.11

Fi (') = L d".T._ ,I.,) - J<I""
'-1

~-l
, ='-

s+1
(AI7)

where s ranges from - I to I. as , varies frum - <XJ to O. The coefficients d". are found from the known kernel
functions F,,('). and the number of terms M is usually taken to be M = 40.

We can now rewrite the integral equation (A9) as a linear system of equations in a". via eqns (A 13) and
(AI5):

.\1 :v

(1 +u) L a"U,.,(u)+ L I".lu)a,. = O. lui < I. i = 1.2._1 ._0

where the infinite sums have been replaced by a finite sum in N + I terms.
The truncated form of (A II) provides the additional e"luations

.- (2)'!(I-V.)(I-%)L (-I)'a" = .. ..---. . ... K,·.
'.IJ It II! 1+%

(AIX)

(;\ 19)

We sulve for the 2(N + 1) unknowns a" (i = 1.2; k '" 0..... N) by siltisfying (A IX) at N Gauss·-Legendrc points
for u in the interval - I < u < 1. and also by satisfying (A 19). A convergence study showed thilt an accuracy of
0.1 % is achievable for N = 20. Once the coefficients a" have been found for any remole loading K·. geomelry
c/ If illld elilstic constants x. fl. the local stress intensity filctors at the crack lip in the i1dh~'Sive Iilyer are computed
from c"In (A 12). The farmulil for the energy release rale. (5). forms a consistency ch~'Ck and provides a measure
of the accuracy of lhe solution proecdurc.

A.3. Em/l/tlli"" of I//(· T-.,er(''u
The stress ",,(x) at pllint x, = x, x! = 0 on the crilck line induced by a dislocation h,(x, =~) is obtained

from the dislocation solution given in Appcndi)( B:
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/l: (2b:W ..)
all(.~) = 4 I ) --: +g,(.~-.;)b,(.;)

It( -v: x-~

1697

(A~O)

where we continue with the summation convention for a repeated suffix i over I and 2. The non-singular kernel
g,(x-,;) is given in Appendi)l. B.

When we represent the semi-infinite crack under a remote K < field by a distribution of dislocations along
the negative x I a'lis. the stress ai, (x) induced by the dislocations is

/l: fl) 211:(';) ..-
all(x) = 4 I ) --. +gi(x-.;)b,(.;)d.;

It( -v: _ < x-.;
(A~I)

where the first integral is the Cauchy Principal Value integral.
Using the change of variables (A7) and (AS). and the representation C,(I) == b,W given by (A 10). the Cauchy

part of (A21) may be integrated analytically for x < 0 to give

f"2b:(';) • <
--:d.; = -21t E a=..(1 +u)U._,(II).

-J. x-" '_1

In the limit x - 0-. u - I. a, ,(x) equals Tand eqn (A22) reduces to

-1<u<1. (A2~)

f"2b:(';) • '
--: d.; = -41t E kll=...

-X:' x-"" 4_0

x-O-. (A23)

Now consider the second term on the right-hand side ofeqn (A21). With the change of variable .; - I specified
by eqn \A 7). ~ given by eqn (A8) and c,(I) == b,(';). we derive

f" f' dlfIX) a .qi(x-';)b,(';)d'; = .q/(Ck,(t)(-II:'.,., +1 (A24)

In the limit \ - 0 . the above integral f(O ) exists and provides ,I further contribution to the T-stress. In this
limit ~ : -.; and (I +n = 2/(1 +C). The troublesome (I + I)! f,\ctor in the denominator of the right-h..nd side of
elln (A24) is removed by using representation (A 10) for dl) ..nd by separating out a factor (I + I) from .q,(~):

• • (1+1) h,(~)

"

(e)"'h(,,)···· =--,... , 2 I+~
(A25)

The well-behaved function 11,(0. dctined via (A25). is represented by a Chebyshev-series approximation in
.\I terms:

.\t

h,(C) = E d,J4.,(I)-jd...
4-'

I-I
-C = '-"-.1+1

(A26)

The coclli..:ienls d'l arc found from the known kernel functions h,(~). and .\I is usually taken to he M = 40.
A particularly simple expression for the integralf(O ) in (A24) is now obtained by substituting eqns (A 10).

(:\25) and ('\26) into (A24). and by integrating analytically

n -V,"

f(O ) = ~ E lI,.d,.
-4:-1

(A27)

where the upper limit of the sum is taken to be the smaller of terms N used in the representation for ",(1). and the
number "I' terms .\I used in the representation for h,(O. As elsewhere. the repeated sulTIx i denotes ,I sum over
i = 1.2.

The T-slress is given hy substituting eqns (A23) and (A27) into eqn (A20):

/l! (.v I .v.lt! )
T=a,,(x=O )=-_....__. -Ekll:o+-E Ea..d••.

(I-v:) '_0 8._,,_,

Tabulated values for Tare given in Appendix C. where representation (4) is used for T.

APPENDIX B: A DISLOCATION IN THE ADHESIVE LAYER

(A28)

The dislocation solution used as the kernel in the integral eqn (A I) and in the expression for the T-stress.
eqn (A20). is summarized here.
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R,. ma!lzr,al #1

H I
'ej

x,

RJ . material ...1

Fig. B1. Edge dislocation in adhesive layer.

The plane elasticity problem is specified in Fig. B1. An edge dislocation with components b, and b~ lies at
the origin a distance <' above the lower interface of the bonded sandwich structure. This dislOC'dtion lies a
distam:e d below the upper interface. and the thickness of the layer is H = c+d. The solution is obtained by
supenmposmg the slliutions to two problems:

(I) An iSlllated disil1cation at the origin in a full plane. made from material 2. The material in the half-plane
x ~ > d and in the half-plane x, < - c is then allowed to transform from material 2 to material 1. We shall
allow the transl~lrmation to occur in a manner which generates a displacement mismatch ~u(x) at .r = d and
r = - (', !lut dlles not alter the stresses anywhere.

(2) A strip of material 2 of thickness H = c+d. sandwiched between two half-planes of material l. with a
displacement mismatch of - ~u(x) from Problem I at the boundaries hetween the two materials.

F"O/>{CfII I
The solulillll 10 an isolaled disiocatillll at the origin in a full pl.me made from material 2 is given compactly

hy the :\luskhdishvili pOlentials

.. _ XI +1.\":_

whefe

,~ = ,., In:. n = 11 In :

,.,;: ./I,~. (I" -ih,l. " 11 +11" = 2(,~'(:)+</)(;;»
4n(1 -I',)

(J" - (J II + i211" = 2[(;.' <),jJ"(:) Hl'(:) +1~'(:)1

(Ill)

(112)

and the displacements /I,. /I, arc given I~,r plane strain hy

The stresses at (:.0) imluo.:ed hy the dislocation arc

(IIJ)

(114)

We now let matenal 2 transform to maleri.at I for .\', > "and x, < -c. hut keep the Muskhdishvili potentials
fixed. The stresses given hy (l1J) and (1l4) n:main unaltered hut displacements change in region R, where x, > d.
and in region R, "hcre x, < - c. Dclinc the displacement jump at these boundaries ~u hy

where (!) refers to material I and 0 refers to material 2. The jump in displacement gradient

,'A/I, +i"~/I,

('.\·1 t'X I

is derived from (HJ) as

2/1,._._(,'A.,.II_+I.I'.,A•.,.I,.)_ (X+/I) (X-/I) .. _- -_ ..- - ',"+' 'x" </>'(:) - ,"'+'-'x' «= -:),p"(:) -n'(:)f
4(1-1',) "" ""

which upon suhstitution for '/>. n from (HI) and sep'lration of re.at and im'lginary parts gives

,'_\/1, h, [ .<, x;1 h~ [x, x,x;1
. = . (2x-/I) '. -2(x-ll) + -_. -fl. +2(x-/I)---,'x, n(l+x) ,. " 1[(I+x),' "

,\\/1. h, [x, ,<,x;J h. [x. '<~J
. '= /I,+2(x-/I)·' +_.-:......... /1"",+2(x-ll)-'-
,", n(l+x),. r' 1[(I+x) r r'

(B5)

(86)

where r! == x~ +xi.
\Ve superpose the solulion 10 rrohlcm 2 in order to eaneelthe displacement gradient mismatch given by (B6).
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Profolem :!. Dislocation-!ree strip prohlem
Considcr a dislocation-free: strip of thickn~'Ss H made from material :!. sand..... iched bet.....-c:n t.....o half-planes

of material l. A displa\.1:ment gradient jump of equal magnitude and opposite sign to that specified by (B6) is
apphcd on x, = d and x, = - c. This displacement mismatch gives rise to stressc:s hich are bounded every..... here.
Such a multilayer problem is soh cd conventently using Fourier transforms with t o real potentials C(x ,. x:l and
XIx ,. x, I; sec: Coker and Filon ( 193 I). These potentials satisfy

V"C=o. V'X=O.

The stresses and displacements can be derived from

.- y
_C_",_ = 'V'C..... ~ .
eX I ex:

(B7)

U II

(B~)

The general appro,lI:h to the multilayer problem is as follows. For each layer. the solution of (f(x• .1') and
XIx. 1') can he separated into two parts: one is symmetric in changing x to -x. and the other is antisymmetric.
A dIslocation of strength", in Problem 1 induces a field in Problem:! which can he represented hy a symmetric
L'. termed U'(x,.x,) and an ,lntisymmetric Y. termed Y·'(x,.x,). Conversely. a dislocati.'n "I' strength", gives
rise to an antisymmctric (', which we dClwte hy (f·'(x• .1') and a symmetric Y. which we delHlte hy r(x. .1'). We
shall consider the solution asso\'iated with ", and ", in turn.

h, ,,,IIII;flll. Thc potcntials C'(x. 1') and r'(x..1')' up.'n satisfying (117). can hc reprcscnted hy Fouricr intcgrals

f'[('''' ,., .. ) . (I" ... ,) J(1'(.1'•.1') = ", ., + . .I' c'" + ., + . .I' c" cos i.l' d;.
o I.}. I. I.

f' I
X·'(\.r) .0", ~ ... [.·l,e "+,·',e"[sinl..\d,i

II _I.

wherc the four c,'cllicients ,·1, arc functions of i.
Potentials U'(\ . .1') and X'(x. 1'1 e~ist for each of thc thrcc layers R ,. R, and R, shown in l'ig. III. The Fouricr

coclliclents ..t, arc dcsignated C, in R ,. /l, in R.. and f.', in U ,. Sincc U' and X·' rcmain hounded as x, - ~. in R ,.
C, ~ C" .~ 0 hy e'ln (11'1). Similarly. I" .' I" . 0 in R ,. Thc strcsscs ami ,hspbccmcnts in cadI laycr arc givcn hy
cqns (IIX).

Thc prohlem is to detcrminc thc coclliclcnts 1>, inthc strip R,. and thcn...·e the slresses in R,. from thc known
dispbcemcnt gradient mismatch at \', = eI. ami x, = -c given hy Ihe", solution in (116). To proceed. wc takc
thc appropriatc Fouricr translimns Ill;,., and Il,; '.1 ofthc displaccmcnt gradient mismatch .'1\11, '<'.\', .Illd ,'1\11 ,it'...- ,.
respectively:

Suhstitution "I' thc ", part "I' (!JIl) int" ((110) anu evaluation "I' thc intcgrals gin:s

.' ", (X( I - ;.eI) +11;.eI) 'JIl/l (/.• eI) = . c
'.' 1! 0 +x)

_. h, (/10 - ;.eI) + l.;.eI) ..I1\/1. ,(I.. tI) = .. - c
.. 1! (1+1.)

., h, (1.( I - ;.d +11i.c) ...1lII, ,(I.. -c) = - . c
. 1! (1+1.)

., h, (/10 - ;.d + 1.;.,,) .•,
L\II,.,(/.. -c) = ~ '-(l+-~)--" c

(B (0)

(1111)

We d~t"rminc D, hy m~ltching tra..:tions .lIld displaccment gradients at the strip houndaries x, = eI and x, = -('.
in Ihe transformcd variahle ;., lIenec. in matri~ form.

wher~

M,O+:\I,E = V,

l\1.,O+M,C = v, (812)
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-I

-1

o

o

I.C -e .-'

(I + i.e) e .::~.,

~
~ 0-

~
~ 0-

(I - i.e) e"-'

~_ ., e-·n

I

-I

_(X-II)
I-x

-(j-~~)

-1.<,

(i.<,-I)

('X-II)-- t.c+ ~I-x, .

(
X -If)- -- II - i.e) - ~
I-x

-c ->,1

-c >d

-i.dl: ',d

(1-i../)c ,,,I

-I

I

_(x~jI)
I-x

_(70=11
)

I-x

- i.d

(I +i.d)

-(f=~)i.d- ~

-(~=-~)(i.d+ 1)+ ~
1-'7. ~

~ .-
[

n l

0,

n = o.
0.\

~ I

V·/',_
~(I-\',)

C -.l!JlI il

", [
()

()

I'ui"o.. -c)

L\,i ,., (i., -- c)

y
/"-

~(I-\',)

C ,I'" ,Jl

",
Equations (1I1~) .:an OC ':oll1oined to a single matri, cquation

(
'I,
'1,

(111.11

whi.:h is solved oy Gaussian elimination in ordcr to determine D.

0, .",IlIli"". [n similar manner. wc .:an solvc for thc strcsses and displaccmcnts in a strip of material ~ sandwichcd
between two half-planes ofmatcrial I. dw: to displacement mismatehcs on x, '" d and x, ~ - c. The displacement
mismatch is - L\ul x) where 1'111 is thc displaccmcnt mismatch dm: to a disloe.llion of strcngth ", in I'robkm I.
specificd by cqn (11(,). The stresses and disphlccl11ents arc derivcd from U·(x. r) ,lI1d r(.\. r) which. upon satisfying
(B7). can he represcntcd by thc Fourier intcgral

J'[(B' 8.) . (8. /I").J .U·(x.y) =": '., + ;'y c'''+ .: + . y c" sin/.xdx
o I. J. I. I.

J' 1 [ ]., - >\." ';1' ••'\(x,y)",-h: ,';, B:c +B,c cos/.xd/.
n _I.

(BI4)

wherc the four cocfficients 8,. Iikc thc cocl1kicnts ..I,. 'HC functions of i.. Wc dcsignate thc Fourier coctJicients B,
by F, in R,. G, in R l and H, in R , . The stresses and displacements in each layer arc given by (88) as before.

The problem is to determine the coefficients G, in the strip R l from the known displacement gradient mismatch
at Xl = d and Xl = -c. given by the h: solution in (86). To proceed, we take thc Fourier transforms ~u,., and
1'1011:., :
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We now substitute the h, part of (86) into (815) and evaluate the integrals. giving

., h, (-PO +;.0) + 2i,d) -<J
~UI ,(J.• d) = - I e

. tr ( +2)

., h, (2( I +;.0) - PU) -;J/
~U. ,(/•• d) = - I e

•. tr ( +2)

., h,(-P(I+Ad+ 2i,C) -;,.
~U, ,(A. -c) =- I e

. tr ( +2)

., h, (-2(1 +).d+PAC) _.,
~U. ,(A. -c) = - I e

•. tr ( +2)

1701

(815)

(816)

After matching the tractions and the displacement gradients at the strip boundaries x, = cI and x, = -c. we
obtain

nCI, M,
~~.) ~ = (:;)M, 0

where

[ G,
(F) G, (III)F = ,..; . (; ~ G, ,,= II.

(j.

[M",~.-'I [ (J/I,r. e ..t(IItd /I,r. e .... (lft.1)

~lil.l~i.. II)w,
2(I-v,) h,

w, ': - .
h,. 2(1-1',)

L\li,.,(.i.. -c) ~li,.,O.. ,/)

(BI7)

and "',. M,. !\I,. !\I. are given by (UI2). ami ~ti.. , are given by (BI6). Equ'ltion (UI7) is solved by Gaussian
e1iminalion.

SlIl'erl',,-,;I;OIl olll,,· sollll;o!lS 10 "roMems I lind 2
The stresses .1 dislance e ahead of a dislocation are given by the sup.:rposition of the solutions III Problems

I and 2

where. from (8X). (89) and (BI4)

41t(I-"')f'f,,(C) =--_:.. (-D, +D,+D,+D.lsin i.e di.
/1, 0

4tr(\ -VI)f' ." .f,,(0 = --- (-D,-D,)cOSJ... dA
/1, 0

41t(I-V')f<
f,,(C) = • (G,-G,-Gj-G.)cosAede

Il, 0

f (") 4tr(\-VI)f' ( G G)' '"d"",= -'-jSIOA"
Il, 0

and

SAS 27: lJ-C
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~n:(l-v,) f'
,Q,{~l:o • (D,-'1D,""D, .... :::'D,lcosi';di.

J.t~ It

"n:(I-,'.)f.g,l;} = . IG, -'1G: +G,+:::'G,)sm ;.~ di.. IBIS)
Jl~ n

The integrals in IBI8) are evaluated numerically.

APPEl'DIX C: RESULTS FOR c,1t' H, 7..pUlllc fl. 7.. m
c,(O.S.7.·P) A~'Curacy = 0.1 % [r,,10.5. 't. /Jl = OJ

7.

II -0.9 -O.S -0.6 -0'" -0.:::' n n.:::' O..l n.t> O.S 0.9

-0.4 5.'10 :::'.78 1.'17
-0.3 4.90 :::'.60 1.16 n.6'1:::' n.357
-0.:::' ·U9 2.41 U4 11.531 0.277 0.140 0.070
-0.\ ~26 2.20 0.916 0.437 0.\91) 0.070 0.002 -0.025 -O.02n

0 3.9\ 2.00 0.784 0..136 0.1\8 0 -0.061 -0.086 -0.082 -0.050 -0.02\
0.1 0.634 0.228 Oml -0.072 -0.\'1.1 -0.1"\ -0.132 -0.0% -0.064
0.2 -0.063 -0.150 -0. liN -0.196 -0.17\) -0.134 -0.095
0.3 -0.260 -0255 -0.227 -0.170 -0.123
0.4 ~().~7X -0.207 -0.\50

C, (0.6. 7.. II) Accuracy = 1l.1 "i,

't

II _Il', n.s -1l.6 0.4 -Il.:::' 0 Il.:::' o.~ n.6 Il.X O',

•• n..l 5..\1 2.X" Ull
-IU 5.00 2,1>5 I.IX 0.6.'.\ 11..111.1
-0.2 ~.Mi 2..l5 1.0/, 0.54/} 0.:::'X2 0.14.1 IUI71
-0.1 4..15 2.24 O').U 0...44 (1.202 IUm 0.llO2 -IW2/, .. 0.022

(l .1'1'1 2.02 ll.7'15 1!..l42 0.119 0 -IU162 -IWX7 -1J.{IX.1 -O.n51 -IH123
n.1 0.M4 ll.231 O.ll.\! -Ium -0.125 -0.14.1 ·ol.n .. 11,098 ·-n.nIl6
0.2 -0.1l65 -0,152 -11.191 -0.199 -0.181 -·0.1.11. ···0.0')7
0.3 -0,,'.!6J 0.25K __ 0.22') -0.172 -- 11.1 '15
HA ··0'11\1 -O.21l') -0.152

clI(0.6, 7., II) Accuracy =, 0.5""

7.

Ii -0.9 -O.X -0.6 -n,4 -0:::' 0 n.2 O..l 0.6 lUI 0.9

-0.4 -0.212 -1},11')8
-0.3 -0.245 -O.IIJ -0.054 -0.020
-11.2 -n.275 -0.126 -l).l16n -IU123 -O.llO! 0.012
-1J.l -0.301 -n.IJx -0,066 -0.ll25 -n.OOI lUll] lUl21 o.n:!J

0 -0.325 -0.147 -IU170 -0.026 0 0.016 0.1I:::'4 0.n26 0.022 0.1I17
1I.1 -0.155 -1I.07:2 -0.1I26 O.lIll:! 0.019 O.O:!!! 1I.ll.'0 0.ll2/> 0.0211
1I.2 -0.024 1I,llll5 ll.ll:!.' lion 0.035 IU)JO 0.023
ll.) ll.ll29 1I.ll.'X 1I.04lJ ll.O34 O.ll:!6
n,4 11.147 lJ.040 1l.03ll

'·'dIU. 't. {il Accuracy = 0.1 '~/;.

7.

II -0.9 -0.8 -ll,£> -0.4 -0.2 0 1I.2 ll.4 B.6 O.X 1I.9

-OA 5.67 J.OJ UX
-0..'1 5.34 2.83 1.:!6 0.671 0.3X3
-0.2 5.00 2.61 1.13 0.57:2 0.'198 0.150 ll.O72
-0.1 4.64 2,39 0.9MX O.4(,l} 0.213 0.074 B,OOI -B.OJI -lI.B:!,)

0 4.25 2,14 n.M.'9 0.31>l1 0.1:::'5 0 -0.065 -0.092 -0.090 -0.060 -O.IUI
n.1 1I.677 0.242 0.032 -0.077 -0.131 -B. 150 -0.141 -O.WS -(1.07:2
0.2 -0.070 -0.160 -0.200 -B.2ll7 -O.ll'll) -B.14J -ll.lll3
0.3 -ll.274 -O.26X -0.:::'31\ -11.179 -IU30
0.4 -029B -0.216 -1I.156
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c,,(0.7·:r·P) ..\ccuracy= 0.5"'~

:r
P -0.9 -0.8 -0.6 -O.~ -O.~ 0 0.2 OA 0.6 O.S 0.9

-O.~ -0.~8 -O.~IO

-0.3 -0.521 -0.2·U -0.116 -O.~

-02 -0.585 -0.272 -0.130 -0.050 -0.002 -0.026
-0.1 -0.M3 -0.297 -0.1~2 -0.055 -0.002 -0.030 0.~6 0.050

0 -0.695 -0.317 -0.150 -0.057 0 003~ 0.053 0.05::! 0.~9 0.037
0.1 -OJ32 -0.155 -0.056 0.004 O.WI 0.060 0.066 0.056 0.~3

0.2 -0.051 0.012 0.050 0.070 0.076 0.065 0.~9

03 0.063 0.0::!3 O.OS7 0.O7~ 0.057
o.~ 0.102 O.O::!6 0.066

c,W.8. 1. P) Accuracy = 0.1""

1

II -0.9 -0.8 -0.6 -OA -0.2 0 0.2 OA 0.6 0.8 0.9

-o.~

-0.3 0.757 O.~29

-0.2 0.M3 0.3.1~ 0.165 (H)7~

-0.1 0.525 O.23X 0.OS3 -0.002 -(Hl~1 -O.lW6
0 O.W9 O.IW 0 -o.on -0.105 -0.106 -0.07::! -0.(W9
0.1 003.1 -0.OX6 -O.I~5 -O.16S -O.IS7 -0.120 -O.OS6
0.2 -O.OX2 -o.ln -0.219 -0.226 -0.207 -0.157 -0.115
(U -0.29'1 -0.291 -0257 -0.1'1.1 -O.I~1

O~ -(UIO -0.2.10 -0.167

(·,,(O.X. %.(1) ,\ccural'Y ~ n,5u/i,

%
(I -0'1 -O.X ,.0.6 -OA -·0.2 0 02 o.~ 0.6 O.X 0')

-o~ -0.351
-0..1 - 0.410 ·-O.2(~1 -0.075
-0.2 -O.~7S -0.2.\0 -O.OXX ··(HI02 (1.()50
-0.1 -0.505 -0.250 -0.0'17 -(1.(11l3 O.05~ (HIS~ 0.0'13

0 -O.5~2 ·t1.265 - t1.IlN) tI 0.061 O.O'I~ t1.I0~ O.OXS 0.066
t1.1 -t1.57t1 -t1.27l - (J.()'I7 O.OIlS 0.073 t1.107 0.117 0.100 O.(J7(,
t1.2 -t1.t1S7 t1.023 t1.t1S'I t1.125 0.1J~ O.II~ O.t1K7
t1.J t1.IIJ O.14S t1.155 t1.1.1I t1.lOtI
0.4 O.ls2 t1.152 0.116

(~II( %.(I) +"l( %.(I) (in radians)

1

II -O.S -0.6 -t1A -0.2 0 0.2 OA t1.0 O.S

-0.4 -O.OS2 -O.OllJ
-0.2 -O.lllJ -(1.0~5 -O.t111 O.()(H) -(1.(111 -t1.03K
-0.1 -0.130 -0.057 -(l.Ol!) -0.llll2 -0.003 -0.017 -O.O~9 -0.12l

0 -0.150 -0.07l -0.O2::! -O.lHII 0 -0.007 -0.027 -0.070 -0.153
0.1 -(UBS -(Ulil -O.(Hli -0.001 -IU112 -O.O.N -0.091
02 -(U)O~ O.l)()() -O.l)(l~ -OO2l -0.055
O.~ -0.017


